
JOURNAL OF SPACECRAFT AND ROCKETS

Vol. 35, No. 3, May–June 1998

Entry Guidance for the X-33 Vehicle
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The entry � ight of the X-33 Advanced TechnologyDemonstrator is � rst examinedby using a trajectory optimiza-
tion approach. For closed-loop guidance the nominal entry trajectory is de� ned by a piecewise linear drag vs an
energy pro� le. Under a nonlinear tracking control law and an onboard drag-pro� le updating scheme, the vehicle
reaches the designated target point accurately. To further meet the stringent heading requirement at this point,
a ground-track design method and the corresponding trajectory control law, which can be applied at a distance
before the vehicle reaches the target point, are developed. Simulations with the X-33 vehicle and trajectory data
demonstrate good performance of the guidance algorithms.

Nomenclature
CL , CD = lift and drag coef� cients, respectively
D = nondimensionaldrag acceleration, g
e = nondimensional speci� c energy
g0 = gravitationalacceleration,9.81 m/s2

L = nondimensional lift acceleration, g
nzmax = maximum allowable normal acceleration,g
Qs , Qmax = nondimensionalheat rate at stagnation point and its

maximum allowable value
q , qmax = nondimensionaldynamic pressure and its maximum

allowable value
R0 = radius of Earth, 6,378,145 m
r = radial distance from Earth’s center to the vehicle,

normalized by R0

s = downrange distance normalized by R0

s f = required value for s
t = time, s
u = CL cos CD

V = Earth-relative velocity, normalized by g0 R0

= angle of attack, rad
ref = nominal for , scheduled with respect to V

= � ight-path angle, rad
, F = damping ratios

= longitude, rad
= bank angle, rad
= nondimensional time t R0 g0

= latitude, rad
= velocity azimuth angle, rad
= self-rotation rate of Earth, normalized by g0 R0

, nF = natural frequenciesnormalized by g0 R0

Introduction

T HE X-33 Advanced Technology Demonstrator is a half-scale
prototype developed to test the technologies needed for the

full-scale single-stage reusable launch vehicle (RLV). In the test
� ights projected to begin in 1999, the vehicle will be launched ver-
tically from Edwards Air Force Base in California and accelerate
up to a maximum velocity of about Mach 14. The vehicle will land
horizontally at one of several potential sites in California, Utah, or
Montana,dependingon the velocityof the vehicleat themain engine
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cutoff (MECO). The entry guidance is concerned with guiding the
vehicle from (or a short period after) MECO, or from atmospheric
penetrationin the case of the full-scaleRLV, to the landingsite while
satisfyinga numberof in� ight constraintsand providingappropriate
conditions at the handover to the terminal area energy management
(TAEM) for � nal approach and landing. The basic entry guidance
concept for the X-33 will follow that for the Space Shuttle1 in that
the vehicle will track a nominal drag accelerationpro� le. However,
there are signi� cant differences,one of which is to schedule the en-
tire drag pro� le as a functionof the speci� c energy.2 In Ref. 3, it has
been shown that, when the drag pro� le is de� ned to be a piecewise
linear function of the energy, such a parameterization gives rise to
an accurate analytical prediction of the downrange distance along
the nominal trajectory. This approach very ef� ciently produces a
nominal drag pro� le subject to various in� ight constraints and the
downrangedistance requirement, thus allowing quick tradeoff stud-
ies and planningof the entry trajectoryfor a lifting vehicle returning
from orbit.

The X-33 will be a suborbitalvehicle,and its entry � ight will have
several unique features that are not shared by the entry trajectory of
an orbitalvehicle.An orbitalvehiclecanchoosethe most convenient
deorbit point and the desired entry � ight-path angle. For the X-33,
entry is directly tied to ascent; thus, the design of the point-to-point
entry trajectory for the X-33 is more dif� cult. Before its descent
begins, the X-33 will continueto ascendafter MECO becauseof the
positive � ight-path angle at MECO. The maximum velocity during
the � ight tests of the X-33 will be aboutMach 14 instead of Mach 25
for an orbitalvehicle.In addition,early speci� cationson some of the
� ight tests of the X-33 place stringent heading requirements at the
TAEM point that are not commonin entry � ightof anorbitalvehicle.

This paper investigates an entry guidance scheme for the X-33.
First, the nominal entry trajectories are obtained by solving a com-
plex trajectory optimization problem using full three-dimensional
equations of motion. Although computationallyintensive, these so-
lutions providenecessaryunderstandingof the X-33 entry � ight and
serve as the benchmarks for the entry trajectory design. Next, the
approach in Ref. 3 is shown to producea very similar drag pro� le as
the one along the optimal trajectory, but much more ef� ciently and
quickly. Under a nonlinear drag-pro� le tracking control law and an
onboard drag-pro� le updating scheme, the vehicle reaches the des-
ignated TAEM point accurately. To further meet stringent heading
requirementsat the TAEM point, a ground-trackdesign method and
the correspondingtrajectory control law, which can be applied near
TAEM, have been developed. Simulations with the X-33 vehicle
and trajectory data demonstrate good performance of the guidance
algorithms.

Note that, although the MECO and TAEM data as well as the
X-33 vehicle data used in this paper are from early X-33 trajectory
and vehicle designs, this study is an independenteffort that does not
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mean to represent the actual X-33 trajectory design and guidance
algorithms.

Optimal Three-Dimensional Entry Trajectories
Formulation

We begin with the point-mass dimensionless equations of three-
dimensionalmotion over a spherical rotating Earth4:

r V sin (1)

V cos sin
r cos

(2)

V cos cos
r

(3)

V D sin r 2

2r cos sin cos cos sin cos (4)

1 V L cos [V 2 1 r ] cos r 2 V cos sin

2r cos cos cos sin cos sin (5)

1
V

L sin

cos

V 2

r
cos sin tan 2 V

tan cos cos sin
2r

cos
sin sin cos (6)

where the velocity azimuth angle is measured from the north
in a clockwise direction. The differentiation is with respect to the
dimensionless time . The main reason for using the dimensionless
form is better numerical conditioningof the trajectory optimization
problem discussed subsequently.

We assume that the entry begins immediately after MECO. The
conditionsat MECO, determinedby the ascent trajectory,are given.
The terminal conditionsof the X-33 entry trajectoryare speci� ed by
TAEM requirements.They are results of tradeoff studies combining
entry and TAEM maneuvers and are given explicitly as

r f r f f f f f

(7)
V f V f min f max f f

where r f is at an altitude of about 24–25 km (80,000 ft) and V f

correspondsto about 745 m/s (Mach 2.5); f and f are determined
by the landing site; and the typical f is between 11 and 15
deg. The velocity azimuth f is determined by the TAEM maneu-
vers and other operationalconsiderations.In addition,the following
trajectory constraints are imposed:

L cos D sin nzmax (8)

q qmax (9)

Qs Qmax (10)

[ 1 r V 2] 1 r L 0 (11)

where Eq. (8) is a constrainton the acceleration in the body-normal
direction, Eq. (9) is on dynamic pressure q, and Eq. (10) is on heat
rate Qs at a stagnationpoint. Multiple heat-rate constraints for sev-
eral stagnation points can be imposed, although only one is used in
thiswork. In this study,nzmax 2 5 g, qmax 11,970N/m2 (250 psf),
and Qmax 431,259 W/m2 (38 Btu/s-ft2) are used. The last con-
straint (11) is called the equilibrium glide constraint, obtained by
setting 0 in Eq. (5) with 0 and neglecting , although
other nonzeroconstant and also may be used to achieve equilib-
riumglide.Sucha constraintis useful in reducingthealtitudeoscilla-
tion along the entry trajectory for an orbital vehicle.1 For the X-33,
this constraint is not as critical, particularly for short-range entry
� ight. Nonetheless, it is still retainedhere because it providesa con-
venient lower bound on the drag acceleration that will be used later.

In the following design of the nominal entry trajectory, the angle
of attack is scheduled as a function of velocity, beginningat large
value (40 deg at 4000 m/s and above) and gradually reducing to 8
deg at the TAEM point. The bank angle is modulated to control
the trajectory. Therefore, in this section, is parameterized as a
piecewise linear function of time. The nodal values of the parame-
terization of and the � ight time f are found to satisfy the TAEM
condition (7) and the in� ight constraints (8–11) and to minimize a
performance index

J
f

0

V 3 d (12)

where 1 752e R0 r 1 6700 kg/m3 is a reasonablygood approxi-
mation to the 1976 U.S. Standard Atmosphere in the altitude range
of interest to entry � ight.5 The performance index (12) is propor-
tional to the accumulated heat load per unit area at the stagnation
point. Note here that other performance indices, such as

J
f

0

V 3 d (13)

alsomay beused. In this case the integrandin Eq. (13) is proportional
to the averageheat rate on the surface of the vehicle, and the perfor-
mance index is thus proportionalto the total heat load of the vehicle.
We have found that the choice of different performance indices has
relatively minor effect on the � nal trajectory. This is because the
trajectory is already tightly constrained by the TAEM conditions
and constraints (8–11); therefore, little room is available for signif-
icant optimization of any performance index. A performance index
mostly serves to facilitate the search for a feasible trajectory using
an optimization algorithm. For comparison of the results obtained
later from piecewise linear drag pro� les, which use Eq. (12) as the
performance index, we use Eq. (12) in the numerical solutions.

Numerical Solutions
To solve the parameter optimization problem using a nonlinear

programmingalgorithm,each of the constraints(8–11), represented
by pi 0 [0 f ], i 1 4, is converted into a
terminal inequality constraint by

i f 0 where i max pi and i 0 0
(14)

where 0 is a very small constant, e.g., 10 6. The reason for
having instead of 0 is that the optimizationalgorithm that we used
treats any inequality constraint i 0 as an active constraint, even
when i 0, and attempts to compute thegradientof i . If 0 in
Eq. (14), i 0 always will be consideredactive even if pi 0
for all [0 f ]. When the algorithm computes the gradient of

i in this case, it will � nd that the gradient is zero, which causes
premature termination of the optimization process.

The optimization algorithm is a state-of-the-art sequential
quadratic programming code developed by Zhou et al.6 called
FFSQP (Fortran Feasible Sequential Quadratic Programming).
FFSQP proceeds by � rst � nding a feasible solution that satis� es
all of the inequality constraints, if the user-provided initial point is
infeasible.Then it generatesthe successiveiteratesthat all satisfy the
inequality constraints. This feature is particularly useful for highly
constrained problems such as the current one, where providing a
feasible starting point by trial and error is nearly impossible.

For a set of nodal values in the -parameterization and the � -
nal time f that are now optimization parameters, the trajectory is
obtained by numerically integrating Eqs. (1–6). The aerodynamic
coef� cients CL and CD for the X-33, given in tabulated data as
functions of Mach number and angle of attack, are found by ta-
ble lookup. The speed of sound also is found by looking up the
data in the 1976 U.S. Standard Atmosphere. The TAEM conditions
(7) and in� ight constraints (14) constitute the nonlinear equality
and inequality constraints of the parameter optimization problem.
FFSQP is used to � nd the optimal parameters that in turn determine
the optimal trajectory.Twenty parameters were used, and � nite dif-
ferences were employed for gradient computation. The constraints
were satis� ed to the accuracy of 10 6 .
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Fig. 1 Ground tracks of the X-33 entry trajectories.

Fig. 2 Bank-angle histories.

Fig. 3 Entry trajectories to Michael Army Air Field and Malmstrom
Air Force Base.

Figure 1 shows the ground tracks of two entry trajectories of the
X-33, one with a MECO velocityof Mach 14.2 for landingat Malm-
strom Air Force Base in Montanaand the otherwith a MECO veloc-
ity of Mach 9.35 for landingat MichaelArmy Air Field in Utah. The
trajectory to Malmstrom Air Force Base has a tight turn at the end
to meet a speci� ed azimuth angle condition at TAEM. Figure 2 il-
lustrates the bank-angle histories along the two trajectories. The
trajectories in the velocity–altitude space are depicted in Fig. 3
together with the four trajectory constraintboundaries (8–11). Note

Ji

1 ai Di 1 1 ei 1 Di 1 ei ai di a3
i

tan 1 ai 1 ei 1 Di 1 tan 1 ai 1 ei Di ai 0

2 3 Di 1 ei
3 1 ei 1

3 ai 0

1 ai Di 1 1 ei 1 Di 1 ei ai di a3
i

ai 1 ei 1 Di 1 ai 1 ei Di ai 0

(20)

that the equilibrium glide constraint (11) was not imposed for the
trajectoryto MichaelArmy Air Fieldbecauseit was a relativelyshort
trajectory. A characteristic of the trajectories is that every imposed
constraintbecame active at one point or another,which underscores
the importance of these constraints in this problem.

The computation required for these trajectories is very intensive,
largely because of the highly constrained nature of the trajectories.
Because portionsof the trajectorieslie on the constraintboundaries,
as seen in Fig. 3, the search steps had to be kept small so as not to vi-
olate these constraints.With 20 parameters and � nite differencesfor
gradient computation, the number of trajectory integrations needed
to obtain convergence is on the order of 40,000, which translates
into over 10 CPU hours on a DEC 3000/300L Alpha workstation.

Entry Trajectories De� ned by Drag Pro� les
Nominal Drag Pro� les

In Ref. 2, an entry trajectory design method based on piecewise
linear parameterization of the drag acceleration pro� le D with re-
spect to the negative of the dimensionless speci� c energy

e 1 r V 2 2 (15)

is studied.Note that, by its de� nition, e is monotonically increasing
to almost unity along the entry trajectory. It is shown in Ref. 3
that, for a given piecewise linear D e , the downrange distance
traveled by � ying this D e pro� le can be predicted accurately by
an analytic expression. If it is also desired that the performance
index Eq. (12) be minimized as part of the design objectives, a
closed-formexpressionfor Eq. (12) as a functionof the optimization
parameters can be obtained. This approach signi� cantly reduces
the dif� culty in planning the entry trajectory, handles the trajectory
constraints easily, and enables ef� cient automated nominal entry
trajectory generation.

For the convenience of the reader, some of the results in Ref. 3
are reproduced here. Let e0 and e f be the prescribed energy levels
at MECO and TAEM, respectively.Divide the interval [e0 e f ] into
n 1 subintervals by the points e1 e2 en with e1 e0 and
en e f . In each interval [ei ei 1], i 1 n 1, let the desired
drag acceleration be parameterized by a linear function of e:

D e ai e ei bi (16)

where

ai
Di 1 Di

ei 1 ei
bi Di (17)

The values of Di , i 2 n 1, are to be determined. (D1 and
Dn are determined by the MECO and TAEM conditions.) The con-
straints (8–11) can be expressed in the D-e space as the constraints
on Di :

Dmin ei Di Dmax ei i 2 n 1 (18)

If the variation of CD is ignored, the performance index Eq. (12)
can be shown to be proportional to

J
e f

e0

1 e

D e
de

n 1

i 1

Ji (19)

where
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The requirement of reaching the TAEM point [ f f and
f f ] is replacedby the requirement that the downrangedis-

tance traveledby � ying the drag pro� le be equal to that from MECO
to the TAEM point.The downrangedistancealong the reference tra-
jectory de� ned by the piecewise lineardrag pro� le Eq. (16) also can
be obtained analytically,with the approximation of cos 1, as

s
n 1

i 1

si (21)

where

si
1 ai Di 1 Di ai 0

1 Di ei 1 ei ai 0
(22)

The design of an optimal entry trajectory now becomes a param-
eter optimization problem in which the values of the Di are to be
found to minimize J in Eq. (19) while satisfying the constraints
(18) and

n 1

i 1

si s f (23)

In this formulation, however, it has been predicted analytically and
veri� ed numerically in Ref. 3 that the optimal solution has an un-
desirable feature of consistingof very rapid changes resulting from
inherent discontinuities in the solution of the corresponding varia-
tional problem (see Ref. 3 for details). Intuitively, this phenomenon
occurs because no vehicle dynamics are directly involved in this
optimization process. To add more damping in the D e pro� le,
Ref. 3 suggests that a regularization term be included in the cost
function to reduce the rate of change of D e . The cost function for
the parameter optimization problem thus becomes

J
n 1

i 1

Ji

e f

e0

dD e

de

2

de

n 1

i 1

Ji

n 1

i 1

Di 1 Di
2

ei 1 ei

(24)

where 0 is a small constant ( 5 10 6 in this study). For the
X-33, it is necessary to specify the � rst three nodes D1 , D2 , and D3

to match the MECO conditionand re� ect the ascentof the trajectory
immediately after MECO. (Otherwise, the optimal drag pro� le will
call for a descent trajectory right from MECO, which is not � yable
because is still positive at MECO.)

Becauseno numerical integrationsare requiredand the trajectory
constraintsare handledby the box constraints(18), the optimization
problem can be solved much more ef� ciently as compared to the
trajectory optimization approach in the preceding section. For the
same number of parameters (20) and with the use of � nite differ-
ences for gradient computation(althoughnot necessary in this case,
because the analytical formulas are available), the typical number
of function evaluations is on the order of 1500. The CPU time spent
on the same DEC Alpha workstation is only about 30 s.

Figure 4 shows the comparison of the drag pro� le obtained here
(in solid line) with the drag acceleration variation in dashed line
along the numericaloptimal trajectoryshown in Fig. 3 for landingat
MalmstromAir ForceBase.The piecewiselineardrag pro� le clearly
captures the essential features of the numerical optimal solution at
a small computation cost. The important difference at this point
is that the numerical optimal trajectories can be designed at the
expense of intensivecomputation to exactlymeet the conditionsfor

f and f at TAEM. In contrast, the heading control along
the trajectoryde� ned by the drag pro� le has to be obtainedby bank-
angle reversals,1 and no direct control over f is implemented,
although an appropriatelyscheduled nominal -program can result
in a f in the allowablerange.Accurate satisfactionof the TAEM
conditionon f , when required, is to be achievedby a technique
that is discussed in the later sectionon pre-TAEM trajectorycontrol.

Fig. 4 Comparison of drag pro� les for landing at Malmstrom: ——,
piecewise linear D(e), and – – –, along the trajectory in Fig. 3.

The chief bene� ts of the currentapproachare that the nominal en-
try trajectorycan be designedvery effectively,reliably, and quickly,
and the design process can be automated easily, thus saving sig-
ni� cant amount of time and manpower. This feature probably is
particularly useful for an evolving test vehicle such as the X-33.

Drag Pro� le Update
In the actual � ight, downrange error between the predicted and

true ranges will occur because of a number of factors such as the
rotation of Earth, lateral motion of the vehicle, inaccuracy in track-
ing thenominaldragpro� le, andmodelinguncertainties.TheShuttle
entry guidance system adjusts onboard one segment of the nominal
drag pro� le at a time to null the range error.1 The principle is to
use the analytical downrange distance expression and a � rst-order
Taylor-seriesexpansionof theexpressionto determinetheamountof
theadjustment.Becausewe haveusedmuch shorter(thereforemore)
segments to de� ne the drag pro� le, adjusting only one segment
at a time to null the range error tends to require relatively large
perturbationin thatsegment.The validityof the � rst-orderexpansion
in such a case is questionable and the effectivenessof the update is
usually poor. Hence, we adjust k nodes of the drag pro� le at a time
for some k 1, provided that there are still no less than k adjustable
nodes ahead along the trajectory as the � ight progresses.

Suppose that, at the instant of updating, the current energy e
is between [ei ei 1], and the difference between the range-to-go
predicted by the analyticalEqs. (21) and (22) and the actual range-
to-go is s. To null the error s, the nodes Di 1, , Di k are to be
adjusted.Let the perturbationsfor the nodes be Di 1, , Di k .
The � rst-order expansion of the range-to-go is then

s
si

Di 1

si 1

Di 1

Di 1

si k 1

Di k

si k

Di k
Di k cT D (25)

where all of the partial derivatives are analytically evaluated and
D Di 1 Di k

T . Equation (25) admits in� nitely many
solutions when k 1, but the minimum-norm solution, which is
the one with the smallest D 2 DT D, is given by

D s cT c c (26)

The updated values of the nodes Di 1 Di k then are given by
Di 1 Di 1 , and Di k Di k . The updated piecewise
linear drag pro� le thus is obtained.

For the current X-33 applications,we have found that k 3 and
updating the drag pro� le once every 5 s suf� ce. Increasingk beyond
3 does not seem to offer further noticeable improvement. Also, to
ensure the validity of linearization (25), each Di j , 1 j k,
should be limited to a maximum magnitude, when Di j given
by Eq. (26) is greater than that limit. A limit of 1% of Di j is used
in this work, although values such as 2 and 3% give comparable
results.
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Trajectory Control
Drag-Pro� le Tracking Control Law

The Space Shuttle employs a time-varying, linearized trajectory
controllaw for trackingthe nominaldragpro� le duringentry � ight.1

The gains of the control law are scheduled for different regimes of
the � ight. These gains are trajectory speci� c, and their tuning is
time-consuming.Because the vehicle dynamics are inherentlynon-
linear and the � ight conditionsduring the entry are widely different,
nonlinear control methods appear to be well suited for trajectory
control law design. Such a possibility is demonstrated7 with a feed-
back linearizationcontrol law. More recently, a nonlinearpredictive
control law3 has been used for entry trajectory tracking control. In
this approach, denoting u CL cos CD , we can express

D aD bDu (27)

where aD and bD are functions of r , V , , and D, which can be
obtained readily from the de� nition of D and Eqs. (1) and (4), if
we ignore the rotation of Earth, CD , and CD . Furthermore, bD 0
for all V 0 and 90 deg. Let D D D , with D
representing the reference drag acceleration. De� ne an auxiliary
variable

z D 2 n D 2
n

0

D d (28)

where 0 and n 0 are two constants, the meaning of which
will be clear shortly.By its de� nition, z is a � rst-ordervariablewith
respect to u because z depends on u explicitly.Hence the in� uence
of u on z T for a time increment T 0 can be predicted
by a � rst-order Taylor-series expansion

z T z T z z T aD bD u

2 n D 2
n D D (29)

where, for the piecewise linear parameterizationof D with respect
to e, we have in the interval [ei ei 1]

D ai DV D ai DV DV (30)

where ai is from Eq. (17). Note that, for accurate trackingof D , we
desire that z 0. To � nd the control u for this purpose, consider
the minimization of the performance index

J 1
2
z2 T (31)

at an arbitrary [0 f . Replacing z T by Eq. (29) and set-
ting J u 0 gives a continuous, nonlinear feedback control
law

u 1 T bD z T aD D 2 n D 2
n D (32)

Globally asymptotically stable tracking of D for any T 0 under
this controllaw canbe seen by substitutingEq. (32) into the equation
for z to arrive at

z 1 T z (33)

Thus z 0 exponentiallywith a time-constant T , and z 0, pro-
vided that no control saturation is encountered.From the de� nition
of z, z 0 leads to

D 2 n D 2
n D 0 (34)

Therefore, D 0 with a dampingratioof andnaturalfrequency
of n . For the X-33 applications, we have chosen 0 7, T
0 01 R0 g0 (s), and n 0 04 R0 g0 , or 1 n correspondsto
25 s in real time.

From the de� nition of z in Eq. (28), it is clear that Eq. (32) de-
� nes a nonlinear proportional-plus-integral-plus-derivativecontrol
law. The only parameters to be selected are T , , and n , and no
other gains need be tuned. Once the three parameters are chosen, no
additionalgain schedulingor onboard storageof massivedata along
the nominal trajectory is required when a piecewise linear D e is

Fig. 5 Coordinate system for � nal ground-track planning.

used. Note that T does not have to be small for the asymptotic
tracking to hold even though it is originally introduced as a time
step in the Taylor-series expansion Eq. (29). With u determined by
Eq. (32), the magnitude of the commanded bank angle com for tra-
jectory tracking is computed from cos com uCD CL . The cross
range is controlledby reversals of the orientationof the bank angle.
Suppose that is the azimuth pointing from the current position
toward the TAEM point. When the magnitude of the azimuth error

exceedsa dead-bandlimit, the bankangle is reversed
to the opposite direction to reduce .

Pre-TAEM Ground-Track Control
When the vehicle reaches the TAEM point by following the de-

signed drag pro� le, the � nal heading will take whatever value the
trajectorynaturallyleads to.This headingcan be far from the desired
direction, especially when the vehicle is required to approach the
TAEM point from a speci� ed direction that is not natural for the en-
try trajectory.For instance, when the X-33 lands at the Malmstrom
Air Force Base, the entry � ight is from southwest to northeast (cf.
Fig. 1), but in an early design, the X-33 is required to approach the
TAEM point from southeast to avoid a populated area. In situations
such as this, additional measures need to be taken to satisfy the
heading condition at the TAEM interface. One possibility is for the
guidance system to control the vehicle to follow an appropriately
designed ground track once the vehicle is near TAEM, instead of
tracking the drag pro� le. In the following, we discuss a method for
this purpose.

Use � at-earth assumption in this phase. Let oxy be a coordinate
system centered at the TAEM point with the y axis pointing to the
north, and the x axis to the east, as shown in Fig. 5. The kinematics
of the vehicle in the horizontal plane are

x V cos sin (35)

y V cos cos (36)

From these two equations, we have

dx

dy
tan (37)

The desired ground track is chosen to be a cubic curve

x ay3 by2 cy (38)

where the coef� cients a, b, and c are to be determined. Suppose
that, at the instant 0 when the tracking of the ground track begins,
x 0 x0 and y 0 y0, and the line-of-sight angle from the
vehicle to the TAEM point is 0 . Also, the azimuth angle required
at the TAEM interface is givenas d . First, we set c tan d . Then,
along Eq. (38) at the TAEM point where x y 0,

dx

dy
x y 0

tan f c tan d (39)
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Thus f d . The coef� cients a and b are found by satisfying

x0 ay3
0 by2

0 cy0 (40)

dx

dy
0

3ay2
0 2by0 c tan 0 (41)

Condition (40) means that the desired ground track, Eq. (38), starts
at the current point; Eq. (41) speci� es that the ground track points
directly toward the TAEM point (origin) at the beginning.This con-
dition is important because, with Eq. (41), the desired ground track
conforms with the general direction of motion of the vehicle; thus
the ground track is achievable by the vehicle. The solution to these
two equations is

a
2 x0 y0 tan d y0 tan 0 tan d

y3
0

(42)

b
3 x0 y0 tan d y0 tan 0 tan d

y2
0

(43)

Now, by following the ground track, Eq. (38), with the coef� cients
de� ned in Eqs. (39), (42), and (43), the vehiclewill reach the TAEM
point at x y 0 with f d . This ground track can be
easily designed onboard, given the navigation information on x0,
y0, and 0 .

Next, we derive the bank-angle control law to track Eq. (38). To
avoid differentiation of , which involves the term cos and thus
makes it dif� cult to obtain a closed-form control law, we introduce
a new independent variable

0

V cos d (44)

or

d V cos d (45)

Therefore, the kinematic equations (35) and (36) become

x sin (46)

y cos (47)

where the prime stands for differentiationwith respect to . Let

F x ay3 by2 cy (48)

Thus,

F sin 3ay2 cos 2by cos c cos (49)

F [cos 3ay2 2by c sin ]

6ay 2b cos2 AF BF (50)

where, from Eq. (6) with the Earth’s rotation ignored and Eq. (45),
we have

V cos L V 2 cos2 sin

V sin tan r G sin H (51)

Choose a feedback linearization control law

sin
AF H BF 2 F nF F 2

nF
F

AF G
(52)

where F 0 and nF 0 are two constants.SubstitutingEqs. (51)
and (52) into Eq. (50) gives the closed-loop dynamics

F 2 F nF F 2
nF

F 0 (53)

It follows that F 0, or x ay3 by2 cy, asymptotically.
Remarks:
1) The new variable is introduced only to enable us to derive

the closed-formcontrol law. The control law, Eq. (52), is a function
of the position coordinates and other states, independent of .

2) Note that nF is the natural frequency in , not in the real
time t or dimensionless time . So, the value of nF may not have
exactly the same in� uence on the transient tracking response in the
real time, but it still should have qualitatively similar effects. The
steady-state response F 0 is the same, which is what we desire.

3) The guidelinesfor selecting nF and, to a lesser extent, F , are
such that a) the control law Eq. (52) is not severely saturated and
b) the vehicle reaches the TAEM point with an acceptable energy
level. For the entry � ight of the X-33 to Malmstrom Air Force Base
tested in the “Simulations” section, we have used F 0 7 and

nF 350, which corresponds to a dimensional natural frequency
of 350 R0 g0 0 434 (1/s).

4) The startingpoint of the ground-trackcontrolphasemay differ,
depending on how hard the vehicle needs to maneuver to meet the
� nal heading condition. In general, it should be initiated as close to
TAEM as possible to ensure that the vehicle reaches TAEM with
proper energy. For the X-33 landing at Malmstrom Air Force Base,
the difference between the required azimuth angle and the natural
one is over40deg in our simulations.Hence theground-trackcontrol
is initiated at a distance of 150 km (at about Mach 5.2) from the
TAEM interface to allow enough time for the maneuver.

5) When the ground track, Eq. (38), is followed, the vehicle is
guaranteed within the accuracy of the analysis to reach the TAEM
point because the ground track, Eq. (38), passes through the TAEM
point, whether or not there is a range error at 0 . Therefore, this fea-
ture is expected to improve the overall performanceof the guidance
algorithm in trajectory dispersion study. When the � nal ground-
track control is employed, the updatingof the drag pro� le discussed
earlier serves more the purpose of keeping the trajectory at correct
energy level than eliminating the range error. See the discussion of
the numerical results in the “Simulations” section.

6) Even when the � nal heading of the entry trajectory is not re-
quired to meet a strict condition, the ground-track control still can
be employed to achieve precise TAEM point location. In this case,

d simply can be set equal to 0 . Then, a b 0 by Eqs. (42)
and (43), and the reference ground track, Eq. (38), degenerates to a
straight line. The vehicle will follow this straight line to the TAEM
point. This usually is a much less aggressive maneuver for the ve-
hicle compared to the case in which a speci� ed � nal heading is
required.

Although the control law, Eq. (52), controls the lateral motion of
the vehicle, the longitudinal motion needs to be monitored so that
the trajectory constraint q qmax in this phase is not violated. To
this end, the angle of attack is modulated in this period according
to

ref qe kq 1 q qmax (54)

where q 0 and kq 0 are two selected constants. Appropriate
values for q and kq will result in ref when q is away from
and less than qmax, and will increase as q qmax. As a result,
the altitude decrease will slow and q qmax will remain enforced.
For our X-33 applications, q 10 deg and kq 10, among many
other possible combinations, appear to work well.

Trajectory Control Logic for the X-33
Before applying the control laws obtained in the preceding sec-

tions to the X-33, we make the followingobservation.Take the � ight
to Malmstrom Air Force Base as an example. In the altitude range
between 55 and 70 km, the velocity of the X-33 is about 70% of the
velocity of a vehicle returning from orbit. Thus, the aerodynamic
control authority of the X-33 is only 50% of what an orbital vehicle
wouldhave,everythingelsebeingequal.This reductionwould result
in very large control (bank-angle) excursionsand often saturation if
closed-loopcontrol is used in this altitude range, and the trajectory-
tracking performance would be poor. For an orbital vehicle, the
entry trajectory control is activated after the dynamic pressure has
increased to a threshold level. For the X-33, because of the ascent–
descent feature of the trajectory, the dynamic pressure variation
is not monotonic. More important, it was found that some trajec-
tory shaping has to be performed during the ascent after MECO to
avoid violating the normal accelerationand/or heat rate constraints,
Eqs. (8) and (10), in the subsequent descent, even if the dynamic
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pressure is low in this ascent period. It is particularly the case for
landingatMalmstromAir ForceBase.To addresstheseproblems,an
alternativeis to use open-loopcontrol initially and switch to closed-
loop control after suf� cient aerodynamic control is available.

Consider the entry � ight of the X-33 to Malmstrom Air Force
Base. Following the preceding discussion, we � rst use com 40
(deg) in the ascent from MECO until 0. Using 0 in this
phase tends to � atten the ascent trajectory so that the subsequent
descentwill not be as steep. From the highest point of the trajectory
to the point of e 0 89, where approximatelythe maximum normal
load is reached, com 0 is used. This bank angle places all of the
lift in the vertical plane so that the descending trajectory will be rel-
atively shallow; therefore, the normal load and heat rate constraints
(8) and (10) will be observed. From the point where e 0 89 on,

com is computed from the nonlinear feedbackcontrol law, Eq. (32),
until the vehicle is 150 km away from the TAEM, after which point
the ground-track control law, Eq. (52), is applied. In summary, the
trajectorycontrol logic for entry � ight to MalmstromAir Force Base
is

com

40 deg in ascent following MECO

0 from 0 to e 0 89

Eq. (32) 0 89 e and distance to TAEM 150 km

Eq. (52) distance to TAEM 150 km
(55)

The choice of 40deg is not critical. Other magnitudes ranging from
30 to 80 deg would give a very close result. The control logic can
be modi� ed to adapt to different MECO conditions for entry � ight
to other landing sites, e.g., Michael Army Air Field.

To smooth out the jumps in com caused by the slope discontinu-
ities in the piecewise linear D pro� le and the control logic switch-
ings, the actual bank angle is obtained as the output of a � lter

1 T com (56)

where T 0 005 R0 g0 (s) is selected. The obtained is used
in the general equationsof motion (1–6) for numericalsimulationof
the trajectory.A dead band of 10 deg in heading error is used
for determining bank reversals for com computed from Eq. (32).

Simulations
In this section we numerically test the techniques discussed ear-

lier. The initial conditions are the MECO conditions obtained from
early X-33 trajectory designs. The entry trajectories are obtained
by numerically integrating Eqs. (1–6) with the bank angle deter-
mined from Eq. (55) and CL and CD found by table lookup of early
X-33 aerodynamic data. The simulation of the entry trajectory is
terminated when the energy reaches the required level.

Three drag pro� les for the X-33 landing at Malmstrom Air Force
Base are plotted in Fig. 6. The dotted line is the nominal piecewise
linear D also shown as the solid line in Fig. 4. The solid line in
Fig. 6 is the drag variation under the control logic Eq. (55), except
for the last-phase ground-track control. The dashed line represents

Fig. 6 Comparison of drag pro� les for landing at Malmstrom with
and without drag pro� le update.

the drag pro� le under the same control logic, but with the reference
drag pro� le updated every 5 s beginning at e 0 89, where the
trackingcontrol law, Eq. (32), is applied. It can be seen that Eq. (32)
tracks the nominal drag pro� le well, and the drag update has an
obvious effect on the trajectory. Table 1 lists some corresponding
TAEM conditions for several trajectories: trajectory 1, serving as
the benchmark, is the numerical optimal trajectory, and the ground
track is shown in Fig. 1; trajectory 2 is the one without drag-pro�le
update and � nal ground-track control (solid line in Fig. 6); trajec-
tory3 is the one with drag-pro� le updatebutno ground-trackcontrol
(dashed line in Fig. 6); and trajectory 4 is a trajectory that uses the
drag update scheme and the control logic (55), including the � nal
ground-trackcontrol law (52). The quantity d f in Table 1 stands for
the distance to the given TAEM point at the end of the trajectory.

The trajectory control law (32) tracks the reference drag pro� le
closely, but without drag updating, the trajectory misses the TAEM
point by 47.6 km (trajectory 2). With drag updating, the miss dis-
tance is reduced to only 1.86 km (trajectory3), but the problemnow
is with the � nal azimuth angle f , which is 36.6 deg, far from the
required 5.14 deg. Adding the previouslydevelopedground-track
control phase effectively corrects this problem and further reduces
the miss distance, yielding f 5 75 deg and d f 0 18 km (tra-
jectory 4).

Figure7 compares the bank-anglehistoriesof trajectories3 and 4.
The difference is only in the last 100 s or so, when the ground-track
control is applied. Comparison of the nominal angle of attack and
the actual angle of attack along trajectory 4 is shown in Fig. 8. The

Table 1 Comparison of TAEM conditions for landing
at Malmstrom Air Force Base

Trajectory d f , km h f , km V f , m/s f , deg f , deg

1 0 24.75 740.00 5.14 11.0
2 47.57 24.70 739.90 2.34 16.3
3 1.86 24.66 740.65 36.63 14.6
4 0.18 25.52 730.0 5.75 8.6

Fig. 7 Bank-angle histories for the X-33 landing at Malmstrom.

Fig. 8 Angle of attack of the X-33 landing at Malmstrom.
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Fig. 9 Entry trajectory toMalmstromgenerated bytracking the piece-
wise linear drag pro� le and controlling the pre-TAEM ground track.

Fig. 10 Comparison of ground tracks: – – –, desired [Eq. (38)], and
——, actual.

Fig. 11 Ground track of the X-33 landing at Malmstrom.

visible small hump near the end is due to the angle-of-attackmod-
ulation, Eq. (54), when the trajectory moves closer to the boundary
of q qmax . Figure 9 shows trajectory 4 (solid line) in the velocity-
altitudespacewith the constraintboundariesof Eqs. (8–11). Clearly,
all of the constraints are met and the trajectory looks similar to
trajectory 1, which is plotted in Fig. 3 as a solid line. Without the
angle-of-attackmodulation,Eq. (54), the constraintq qmax would
have been violated in this case.

The desired ground track equation (38) for trajectory 4 and the
actual ground track starting at a distanceof 150 km from the TAEM
point are illustrated in Fig. 10. The tracking is so good that the two

tracks are virtually indistinguishableat the scale shown. Figure 11
shows the complete ground track of trajectory 4. Again, the ground
track is very similar to the one along the optimal solution plotted in
Fig. 1 (trajectory 1).

Finally, we applied the control logic, Eq. (55), without updating
the drag pro� le. Although the ground-trackcontrol law was able to
lead the vehicle to the TAEM point with correct heading. Despite
the range error, the energy of the vehicle was excessive compared
to the speci� ed value; the � nal velocity was 855.4 m/s and the
altitude 27.72 km. Therefore, the updating of the drag pro� le helps
the vehicle to maintain proper energy level even though the � nal
ground-trackcontrol phase can effectivelyeliminate the rangeerror.

Conclusions
The approach to designing the entry trajectory by way of a drag

pro� le that is piecewise linear in speci� c energy appears to be well
suited for the entryguidanceof the X-33 vehicle.Such an optimized
drag pro� le captures to a remarkable extent the essential aspects of
the trajectory obtained by solving a computationally intensive tra-
jectory optimizationproblem with full three-dimensionalequations
of motion. With a nonlinear tracking control law for the bank angle
and appropriateperiodicupdate of the referencedrag pro� le, the ve-
hicle is guided to the designated TAEM point with good accuracy.
When the vehicle heading at the TAEM point is required to meet
a stringent condition and/or precise arrival at the TAEM point is
desired, a � nal-phase ground-trackcontrol method is developed. In
such a case, a desiredgroundtrack passing through the TAEM point
with the speci� ed heading angle is designed onboard at a distance
before TAEM, and a nonlinear bank-angle control law is derived to
track the desired ground track. Combining the nominal trajectory
design technique and the nonlinear trajectory control laws with an
open-loopscheme for initial trajectorycontrol, the approachoffers a
fast, effective,and automatedentry guidancealgorithmfor the X-33
that has the potential to perform well both of� ine and onboard. An
important aspect of the entry guidance study—trajectory dispersion
analysis—has not yet been performed. Our expectation, which re-
mains to be veri� ed, is that the algorithm should be quite robust
because of the drag-updating scheme, the ground-track following
maneuver, and the expected robustness of the nonlinear trajectory
control laws.
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